
 

MATH 2050C Lecture 17 Feb 22

Q Can we determine the limit of xn exist without

knowing the value of the limit

Last time limit thins squeezethem ratio test

Today Monotone Convergence Thm

Recall xn convergent xn bdd
2
false

Er Xu unbdd xn divergent Divergence Test

Couterexample Xn C 1 is bold BUT divergent

Pf Suppose xn is convergent say him Cn a E CR

Take E 1 I k C IN St I kn al C E I f n K

1 a 1
i x or I IR

E E

For n 3 K is odd we have

1 Xu al I I al s 1

z c a e o

For n 3K is even we have
diction

J
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Q Under what condition G does

Gen bdd kn convergent

Monotone Convergence Theorem MCT

xn bdd monotone Xu convergent

Def'd kn is monotone if it is

either i increasing i e 2C EX EX E XuE Xue then

or Cii decreasing i.e 2C3243,243 Xu3 Kuti then

Note If inequalities are strict then we say it is strictly
monotone increasing 1 decreasing

increasing M
Picture bdd

x Kr Ks Ky In x
a co a R

proof of MCT Idea lion Ku sup f kn Ine IN

Suppose kn is bold and increasing Consider

lo I S fan In c IN E IR

Note Gcn is bold S is bold above below

By completeness of IR X sup S exists



Claim lim Cun X

Pf of Claim we show this using E K defI of limit

Let E o be fixed but arbitrary

Since X supS X E CANNOT be an upper bot for S

ie 7 K c IN St X E L Xk

Since Xn is increasing i.e Xu E Xue H n c IN

X E L Xk E Xk E X K z E E Xu th K

On the other hand X sup S is an upperbot for S

Xu E X C Xt E f n c IN

Combining e

X E C kn C Xt E Un 3 K
D

Example 1 Harmonic series

Let her It LT t tn h E N

ie h 1 h It Zz

Show that Cnn is divergent

Pf Note hut hut hn t n c IN

ie Chu is strictly increasing
4

By MCT Chu divergent Chu unbold
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Claims hn is unbdd o

her Z N
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It Iz t C t f t c just t 12mg

It Iz t t zt 1tmzuasbddmoo.mterms

that is unbdd

Remark MCT works well for recursive sequence

Example 2 I Let yn be defined recursively by
Ct

Y E 1 Y ne a 2Yn 13 kn C IN

show that lion Tn 3

Proof Genera Step 1 Apply MCT to show the limit first

strategy Step2 Take limit in the recursive relation C

to compute the limit of the seq

We first show that yn is bold monotone

Claim yn is bold above by 2

Pf of da m Use M I Note Y 1 2

y czt
SupposeT k c 2 Then YKei 14 2 3 2 Y3 1412.54 3



Clayin yn is increasing i e Yu E Yue th EIN

Pf of Claim Use M.I Note 9 1 s 54 92

Assume 9k E TKei Then

Yke 29kt 3 E 29kt 13 9kt2

So Yn is bold monotone by MCT lion Cyn Y exists

Since Yn is convergent we have lim Yui lim Tn y

Take n oo on both sides of C

olim Ynet him LT 2 1 3 2 limbus t 3
p
limitchm

y 14 29 3

Solving for Y get y Zz

Example 3 Fix A o Define inductively
a

S 1 Sinti Iz Sn 1 Ju f ne N

show that lion Sn R O

Proof Claim 1 Sn is bold below by Ta for h 32

Pfof Clain Ncte Sn o Vn cIN Rewrite KK as

Su
2

2 Sue Sn t a 0

So X 2She Xt a o has at least a real root Sir

45nF 4 a 3 o Sue 3nah then



Claim 2 Sn is decreasing eventually ie Sns Sue 0h32

Pf ofclaims Vn 32 useclaim1
b

Sn Sue Sn Sutan Sina 30

By MCT limeCsn s exists

Take h on both sides of then we obtain

S s 1 za Nce Sn far fuzz

some fors
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D

MIDTERM UP TO HERE

Subsequences 3.4 in textbook

Def'd Let fXndneµ be a seq of real numbers

Suppose his Nzs NzC be a strictly increasing seqofnaturalno

THEN

Kha ke Kh Xnz Xn

1
is called a subsequence of Xn new K termof Xun

u
hathterm of Gcn

Intuitively

Xn Kc Xz Xz Ky Xo Xo
b b al f

Inn X a Kz 24 16
k I k Z h 3 h 4
n I hee n3 44 Nye66



E g Tail of aseq For each fixed l eCN then

the L tail Knee is a subsequence of Xn aan

Here Mr Rtl

Eg xn C 11

Then 1 I 1 1 is a subseq


